Abstract. Let D be an integral domain with quotient field K. The Nagata ring DðX Þ and the Kronecker function ring KrðDÞ are both subrings of the field of rational functions KðX Þ containing as a subring the ring D½X of polynomials in the variable X . Both of these function rings have been extensively studied and generalized. The principal interest in these two extensions of D lies in the reflection of various algebraic and spectral properties of D and SpecðDÞ in algebraic and spectral properties of the function rings. Despite the obvious similarities in definitions and properties, these two kinds of domains of rational functions have been classically treated independently, when D is not a Prü fer domain. The purpose of this note is to study two di¤erent unified approaches to the Nagata rings and the Kronecker function rings, which yield these rings and their classical generalizations as special cases.
Introduction
Let D be a commutative integral domain with quotient field K. Let X be an indeterminate over D and let f A D½X . We denote by cð f Þ the content of the polynomial f , i.e. cð f Þ is the ideal of D generated by the coe‰cients of f . Moreover, if VðDÞ is the set of all the valuation overrings of D, for each ideal I of D, we set I b :¼ T fIV j V A VðDÞg (cf. [14, page 398] and [30, Appendix 4] ). Two classical rings related to D which have both been well studied are the Nagata ring DðX Þ and the Kronecker function ring KrðDÞ defined as follows. These two rings of rational functions are the same if and only if D is a Prü fer domain [14, Theorem 33.4] . In fact, both rings arose as generalizations of Kronecker's original function rings which specified that D should be a ring of algebraic numbers or, more generally, a Dedekind domain (and, hence, a Prü fer domain), (cf. [21] , [29] and [6] ). When D is any arbitrary integrally closed domain it is easy to see that NaðDÞ J KrðDÞ, [14, Theorem 33.3] .
There are obvious similarities in the two definitions in spite of the fact that they generally yield di¤erent rings. Next we give equivalent definitions (or, characterizations) for each type of ring in which there are also obvious similarities, i.e. both these rings can be constructed by intersection of families of Nagata rings of quasilocal overrings. (Note: We do assume for both of these results that we know how to construct the Nagata ring RðX Þ for a quasilocal domain R; in this situation, the condition ''cðgÞ is invertible'' becomes ''cðgÞ is principal'', [14 Both the Kronecker function ring and the Nagata ring have been generalized and intensively studied (cf. for instance [22] , [3] , [4] , [1] , [19] , [27] , [9] , [11] and [17] ). However, in spite of their common origin, they have been studied separately. There are generalized Nagata rings and generalized Kronecker function rings which are distinct objects of study. A major goal of this paper is to define and study a single construction for a class of function rings which includes the Kronecker function ring, the Nagata ring and their generalizations as special cases.
Following the double characterization of the Kronecker function rings and Nagata rings above, we approach our generalized function rings from two separate directions, as rings of individually chosen rational functions and as intersections of Nagata rings of quasilocal overrings.
In generalizing the rational function approach, we note that the standard generalization of Kronecker function rings, introduced by Krull [22] , involves replacing the b-operation with a more general ''star-operation'' (for short, ?-operation) belonging to a special class of star operations known as the ''e.a.b. star operations'' (the explicit definitions are recalled in Section 2). The point is that e.a.b. operations have some nice properties in common with the b-operation which make possible the proof that the Kronecker function ring, as defined by Krull (cf. the definition after Remark 3.4), is actually a ring for any arbitrary integrally closed domain.
Note that in the definition of the Kronecker function ring, any nonzero polynomial is eligible to be the denominator of a rational function. Note further that we do not allow arbitrary nonzero polynomials in the denominators for the Nagata ring. Rather, we only allow a very restricted class of polynomials, those with invertible content. Finally note that the definition of the Nagata ring given is formally comparable to the Kronecker definition except that the b-operation is replaced by ''the trivial star-operation'', called the identity operation (for short, d-operation), acting as the identity map, i.e. NaðDÞ ¼ f g f ; g A D½X ; cð f Þ d J cðgÞ d ; cðgÞ is invertible :
A way to combine the ideas of the previous two paragraphs is to view the e.a.b.
property not as a property of a ?-operation, as has been done classically, but to view it as a property of a certain class of ideals. The e.a.b. ?-operations should be those for which every nonzero finitely generated ideal is an ''e.a.b.-ideal'' (Definition 3.6). On the other hand, the invertible ideals should be the only e.a.b.-ideals associated with the identity operation. So given any ?-operation, we can combine the two definitions by specifying that the content ideals of denominators must be e.a.b.-ideals associated to the given ?-operation. Note that, from the beginning of the present paper, we move from just ''staroperations'' to the more general setting of ''semistar-operations'' introduced by Okabe-Matsuda in 1994 [26] (the definition is recalled in Section 2). In fact, our generalizations work directly, and more naturally, in this setting.
We also want to define our generalized function rings using the method of intersecting Nagata rings of quasilocal overrings as is done above. Suppose then that we are given a domain D and a semistar operation on D. For the b-operation we chose the class of all valuation overrings of D to define the Kronecker function ring and we chose the class of all localizations of D to define the Nagata ring of D. When we consider our discussion of e.a.b.-ideals above, we note that all finitely generated ideals of D extend to principal ideals in any valuation overring. On the other hand, invertible ideals are the only finitely generated ideals which extend to principal ideals in every localization of D. So the way to proceed seems to be to combine the overring characterizations of the Kronecker and Nagata rings by choosing the overrings in which the e.a.b.-ideals extend to principal ideals.
Let D be a domain and ? a semistar operation on D. Given either a collection of overrings of D or a ring of rational functions (overring of D½X ) it is easy to define a new semistar operation on D by either extending to all of the overrings of the collection and intersecting, or by extending to the ring of rational functions and contracting back to the quotient field of D. We explore both of these mechanisms for defining new semistar operations associated with the given ? and compare the properties we obtain with those proven in the classical Kronecker and Nagata settings. In particular, we deepen the study of the ring of rational functions called the ?-Nagata 
Background
In this section we give some definitions and some basic results, some new and some not.
We begin by designating the following terms.
f ðDÞ is the set of all nonzero finitely generated fractional ideals of D.
FðDÞ is the set of all nonzero fractional ideals of D.
FðDÞ is the set of all nonzero D submodules of K.
In 1994 A. Okabe and R. Matsuda [26] introduced the notion of a semistar operation. A semistar operation is a map ? : FðDÞ ! FðDÞ, E 7 ! E ? which obeys the following axioms, for all z A K, z 0 0 and for all E; F A FðDÞ.
The classical notion of a star operation [14] Now we give some basic information concerning definitions/terminology, general properties of semistar operations, and concerning the construction of specific semistar operations on integral domains.
As in the classical star operation setting, we associate to a semistar operation ? of D a new semistar operation ? f as follows. Let ? be a semistar operation of a domain D. If E A FðDÞ we set:
We If i : D ,! T is the canonical embedding of D in the overring T of D and if ? is a semistar operation on D, then ? i is the semistar operation on T defined, for each E A FðTÞ ðJ FðDÞÞ, by
If T is an overring of D, we denote by ? fTg the semistar operation on D defined as follows: for each E A FðDÞ:
Obviously, ð? fTg Þ i ¼ d T (where d T denotes the identity semistar operation on T).
If f? l j l A Lg is a family of semistar operations on D then V f? l j l A Lg is the semistar operation on D defined as follows: for each E A FðDÞ:
It seems natural in the context of the '' V -construction'' above, i.e. V T , to view semistar operations ''extensions to the overrings'', i.e. ? fT l g , as canonical components of the semistar operation on D. We have defined the b-operation as a V -construction using the valuation overrings. In that setting we can think of the boperation as being decomposed into component semistar operations, each defined by extension to a valuation overring.
A question that seems not to have been dealt with in the literature (in either the star or semistar setting) is the extent to which a given star (or semistar) operation on D can be approximated by one built from component parts of the type ''extensions to the overrings'' of D in the above manner. One use for our generalized KroneckerNagata theory is to associate in a natural way a semistar operation defined by a V -construction to a given semistar operation.
In the setting of star operations, the class of ?-ideals (i.e. those ideals I such that I ? ¼ I ) assume a role of great importance. When ? is a semistar operation there frequently are no integral ideals of D which are ?-ideals. Instead we use the following more general concept. 
-ideals
In this section we give the promised modification of the e.a.b. condition motivated by the definitions of the Nagata rings and Kronecker function rings.
We begin by giving more general definitions of the Kronecker function ring and the Nagata ring.
Recall that, for general semistar operations, we can consider the notion of semistar invertible ideals. For the motivations, examples and the basic properties of this type of invertibility see [13] . It is easy to see that, in general, a finitely generated ?-invertible ideal is also ?-e.a.b. Unlike the case for the identity operation though (Remark 3.7), it is not true in general that all (possibly, finitely generated) ?-e.a.b. ideals are ?-invertible. For instance, let D be a Noetherian domain of dimension greater than one and let M be a maximal ideal of D of height greater than one. Since the b-operation is an e.a.b. star operation on D, then M (which is finitely generated) is a b-e.a.b. ideal, by the observation preceding Remark 3.7. However, since M has height greater than one, it is not an invertible ideal of D.
We close this section with a collection of basic results concerning ?-e.a.b. ideals, invertible ideals, and ?-invertible ideals.
It is known that if ? is an e.a.b. star operation on an integral domain D, then there exists an a.b. star operation Ã on D such that ?j f ðDÞ ¼ Ãj f ðDÞ [14, Corollary 32.13] . This motivates our next statement proven in [12] . Lemma 3.9. Let ? be a semistar operation on an integral domain D. Let F A f ðDÞ, then the following are equivalent: 
Some distinguished classes of overrings
We begin by considering a class of overrings of a domain D associated with a semistar operation ? which have already been well studied.
Definition 4.1. Let ? be a semistar operation on an integral domain D. We say that an overring T of D is a ?-overring of D provided for each F A f ðDÞ we have
The following lemma gives some basic results concerning ?-overrings. (1) The following are equivalent:
(2) Every overring of a ?-overring is a ?-overring. (2) is an easy consequence of (1). (3) and (5) are obvious. (4) follows from (1) and from the fact that, in general, ? fD ? g a ? f . (6) The ''only if '' part is obvious from (1). For the ''if '' part recall that, for each F A f ðDÞ, there exists a nonzero element x A K such that FB ¼ xB, thus (2) and (6). (9) ðN X DÞ Proof. Recall that an invertible ideal in a local domain is principal [20, Theorem 59] . By Lemma 3.9, we know that
The conclusion follows immediately, since ðL; NÞ dominates ðD NXD ; N X DÞ. r (
For instance, let F be a localizing system of D, and let ? :¼ ? F be the semistar operation on D, defined by From this property and from the observation following Definition 3.5 it is possible to prove that:
In the introduction we alluded to classes of quasilocal overrings of a domain D that are associated with a given semistar operation on D. The two classes of quasilocal overrings that arise in the Kronecker and Nagata settings are localizations and valuation overrings. Note first that a finitely generated ideal of a domain D is invertible if and only if it is locally principal. Also note that every finitely generated ideal of D extends to a principal ideal in any valuation overring of D. Since the collection of ideals we have been concerned with are the ?-e.a.b. ideals it seems reasonable that what we need are quasilocal overrings of D in which each ?-e.a.b. ideal extends to a principal ideal. It turns out that assuming just this property is not quite su‰cient. We give two refinements, each of which we will use to create separate generalized function rings.
Definition 4.5. Let ? be a semistar operation on an integral domain D and let T be a quasilocal overring of D.
We say that T is a ?-monolocality of D provided T ? f ¼ T and every ?-e.a.b. ideal of D extends to a principal ideal in T.
We say that T is a strong ?-monolocality of D provided T is a ?-overring of D and every ?-e.a.b. ideal of D extends to a principal ideal in T.
Let ? be a semistar operation on a domain D and let T be a ?-overring of D.
It follows then that a strong ?-monolocality is a ?-monolocality. Also note that if ? is the identity semistar operation on a domain D then every quasilocal overring of D is a strong ?-monolocality (and hence they are all ?-monolocalities). At the opposite extreme, if ? is the b-operation on a domain D, then the collection of all strong ?-monolocalities and the collection of all ?-monolocalities are both equal to the collection of all valuation overrings of D.
Our goal for this concept then is to identify semistar operations such that the collection of ?-monolocalities (strong or not) is not all quasilocal overrings and does not consist entirely of valuation domains. Or, conversely, to identify collections of overrings and associate semistar operations, using the V -constructions, which will give the collection of overrings back as (strong) ?-monolocalities.
We adopt the following notation. Set:
Note that the set: V :¼ Vð?Þ :¼ VðD; ?Þ ð¼ fV j V is a ?-valuation overring of DgÞ is obviously a subset of L 0 .
Lemma 4.6. Let ? be a semistar operation on an integral domain D. (4) Let F :¼ ða 1 ; a 2 ; . . . ; a n ÞD A f ðDÞ be ?-e.a.b. and let L be a ?-monolocality of D.
for some i, with 1 a i a n.
Proof.
(1) is obvious and (2) and (3) follow from Lemma 4.2 (1) and (2) . (4) We start by recalling the following well known fact:
. . . ; a n ÞD A f ðDÞ and let L be a quasilocal overring of D. If FL is principal in L, then, for some i, with 1 a i a n, FL ¼ a i L.
If FL ¼ ða 1 ; a 2 ; . . . ; a n ÞL ¼ zL, for some z A L then, for each i, with 1 a i a n, we can find a nonzero x i A L, such that x i z ¼ a i . Therefore, zL ¼ ða 1 ; a 2 ; . . . ; a n ÞL ¼ ðx 1 ; x 2 ; . . . ; x n ÞL Á zL, hence ðx 1 ; x 2 ; . . . ; x n ÞL ¼ L. Since L is quasilocal then, for some i, with 1 a i a n, we have that x i is a unit in L, thus zL ¼ x i zL ¼ a i L. Now we conclude the proof of (4). Since F is ?-e.a.b. and L A L, then FL is principal, and thus, for some i, with 1 a i a n, ðFLÞ
Generalized Kronecker-Nagata rings
Now we turn to the construction of the generalized Kronecker and Nagata rings. We define two classes of rings which we refer to as Kronecker-Nagata ring (for short, KN) and Strong Kronecker-Nagata ring (for short, KN 0 ) according to whether we use monolocalities or strong monolocalities.
Proposition 5.1. Let ? be a semistar operation on an integral domain D. Set: We have shown that the Strong ?-Kronecker-Nagata ring KN 0 ðD; ?Þ lies properly in between the ?-Nagata ring and the ?-Kronecker function ring. We have also shown that the ?-Kronecker-Nagata ring KNðD; ?Þ lies inside the ?-Kronecker function ring. We will show later (Theorem 5.11 (7) ) that, in general, NaðD; ?Þ J KNðD; ?Þ. 
Assume that ? 2 is stable. 
is a trivial consequence of (2) . r
We have noted that the KN and KN 0 constructions are not always well behaved in terms of preserving relationships between distinct semistar operations. Nonetheless, it seems worthwhile to pursue this idea with regards to the operations ? a and? ? associated to the semistar operations ? on a domain D. The semistar operations ? a and? ? are generally well behaved and the results work out as we would hope.
We need a preparatory lemma first. 
0 is principal then, by the Claim in the proof of Lemma 4.6 (4), we have
Therefore, we have proven that KN 
Note that it follows immediately from the definition that D½X J KN The rational function definition of the strong Kronecker-Nagata ring is somewhat cumbersome. We introduce now the notion of an ''almost e.a.b.-ideal'' in an e¤ort to make the definition cleaner.
Definition 5.8. Let ? be a semistar operation on an integral domain D and let F A f ðDÞ, we say that F is an almost-?-e.a.b.
We collect in the following statement some of the basic properties of the almost-?-e.a.b. ideals. (4) Let F :¼ ða 1 ; a 2 ; . . . ; a n ÞD be an almost-?-e.a.b.-ideal, then, for each strong-?-
, for some i, with 1 a i a n.
(1) and (2) We turn now to investigating the properties of KNðD; ?Þ. With this ring we will have more luck demonstrating properties that reflect the classical properties of the Kronecker function rings and Nagata rings. In particular, when we localize a Kronecker function ring KrðD; ?Þ at a maximal ideal we obtain V ðX Þ for some (?-)valuation overring V of D. Similarly, when we localize a Nagata ring NaðD; ?Þ at a maximal ideal we obtain D Q ðX Þ for some (quasi-?-)prime ideal Q of D. We obtain similar results with KNðD; ?Þ. . . . ; a n ÞD A f ðDÞ, with J J D and J?-e.a.b., let g :¼ a 0 þ a 1 X þ Á Á Á þ a n X n A D½X , then there exists an index i, with 0 a i a n, such that: On the other hand, let a : (4)), an invertible ideal of a quasilocal domain which is generated by a finite list of elements is actually generated by one of those elements.
(5) It is clear that LðpÞ is a quasilocal overring of D, with maximal ideal P. In order to show that LðpÞ is a ?-monolocality of D, take J :¼ ða 0 ; a 1 ; . . . ; a n ÞD which is a nonzero ?-e.a.b. ideal of D. It is clear that a k LðpÞ J J ? LðpÞ, for each 0 a k a n. Let a A J ? . Since, by (4) Let j A PðX Þ X KN c ðD; ?Þ. Then, we can write j ¼ h=k where h; k A LðpÞ½X and h A P½X and k is primitive in LðpÞ½X . We can also write j ¼ f =g where f ; g A D½X , g 0 0, cð f Þ J cðgÞ ? and cðgÞ is a ?-e.a.b. ideal of D. Since LðpÞ is a ?-monolocality of D (by (5)), it then follows from Lemma 4.6 (4) that g has a coe‰cient a i such that cðgÞLðpÞ ¼ a i LðpÞ and, hence, cð f Þ J a i LðpÞ. Then:
Since k and
are primitive in LðpÞ½X and h A P½X , then we must have
is a unit in KN c ðD; ?Þ p this implies that f =g ð¼ h=k ¼ jÞ belongs to p KN c ðD; ?Þ p X KN c ðD; ?Þ ¼ p.
We conclude the proof of (6). By Claim 3, the prime ideal p 0 :¼ PðX Þ X KN c ðD; ?Þ is contained in p, thus it is clear that:
hence we deduce that p 0 ¼ p. (7) is an easy consequence of (5) and (6) . In fact, let L A LðD; ?Þ and let N be the maximal ideal of L. We know by Claim 2 that LðX Þ K KN c ðD; ?Þ. Set n :¼ NðX Þ X KN c ðD; ?Þ. Let m be a maximal ideal of KN c ðD; ?Þ containing the prime ideal n. Then, by (5) and (6) 
The last statement of (7) follows from (2) . r
New semistar operations
Given a semistar operation ? on a domain D we have associated two collections of overrings L ð¼ LðD; ?ÞÞ and L 0 ð¼ L 0 ðD; ?ÞÞ and using these collections we have constructed two rings of rational functions KNðD; ?Þ and KN 0 ðD; ?Þ. We can use these two collections of overrings and two rings of rational functions to construct four new semistar operations associated to ?. 
Next we give some simple relations between these operations. 
Proof. It is easy to verify that, for each integral domain R with quotient field KðX Þ,
FðDÞ is a semistar operation of finite type on D. As a matter of fact, note that, for each nonzero element x A K and for each E A FðDÞ, we have ðxERÞ 
Proof. For each E A FðDÞ:
Let J :¼ ða 1 ; a 2 ; . . . ; a n ÞD A f ðDÞ. Suppose that a A J ? l . Since KN c ðD; ?Þ ¼ KNðD; ?Þ, then in KNðD; ?Þ we can write:
Then we can write:
Therefore
J ða 1 ; a 2 ; . . . ; a n Þcðg 1 g 2 Á Á Á g n Þ ? ¼ ða 1 ; a 2 ; . . . ; a n ÞcðgÞ ? J ðða 1 ; a 2 ; . . . ; a n ÞcðgÞÞ ? :
Since each cðg i Þ is a ?-e.a.b. ideal of D, then we know that
¼ cðgÞ ? and that cðgÞ is a ?-e.a.b. ideal of D (Claim 1 in the proof of Theorem 5.11). It follows that:
. . . ; a n ÞcðgÞÞ ? ) a A ðða 1 ; a 2 ; . . . ; a n ÞDÞ ? ¼ J ? :
Finally, since NaðD; ?Þ J KNðD; ?Þ (Theorem 5.11 (7)) then, for each E A FðDÞ,
The statements (1), (2) and (3) 
. Moreover in this example we will see that:
Moreover, it is not di‰cult to give an example of a semistar operation ? such that ? ? Y ? l (cf. the following Example 7.8).
Now that we have made note that L and L 0 are not always the same we investigate the implications of assuming that they or the related rational function rings or the related semistar operations are the same. 
(i) ) (v) is obvious, using the fact that we already know that (i) , (iv). 
Proof. The result follows from Corollary 6.6 and the fact that, in general,? ? a ? l a ? f (Proposition 6.3). r
Constructions and Examples
Thus far, we have focussed on the situation where we begin with a semistar operation and investigate related overrings determined by the e.a.b.-ideals associated to the semistar operation. Now we reverse that and begin with a collection of overrings and use them to define a semistar operation. The major questions will concern how the (strong) monolocalities relate to the defining collection of overrings. Proof. The ''only if '' part.
Claim. Let l A L and let F ; G; H A f ðDÞ. Assume that F is V T -e.a.b. and
The conclusion of the ''only if '' part follows from the previous Claim and Remark 3.7, since T l is quasilocal and each finitely generated T l -submodule of K, G l A f ðT l Þ, is of the type GT l , for some G A f ðDÞ.
For the ''if '' part, assume that F ; G; H A f ðDÞ, ðFGÞ 5 T J ðFHÞ 5 T and F T l is principal as a fractional ideal of T l , for each l A L. Then, clearly, FGT l ¼ ðFGÞ
We digress momentarily to give a corollary to the last result which illustrates some nice closure properties of the ðÀÞ l operation. (2) LðD; ?Þ J LðD; ? l Þ (more precisely, LðD; ? (2) we deduce that KNðD; ?Þ K KNðD; ? l Þ. The opposite inclusion follows from Theorem 5.11 (1) and (7), since if g A D½X is such that cðgÞ is ?-e.a.b. then cðgÞ is also ? l -e.a.b. by (1) . (4) is a straightforward consequence of (3) . r
We now turn back to the special case where we begin with a collection of overrings of a domain D and use them to define a semistar operation. 
because F is Ã-e.a.b. Therefore F T l is quasi-cancellative and so it is principal in T l (Remark 3.7).
(2) From (1), we deduce immediately that:
, we have: (10) we deduce immediately:
Claim 1 implies:
Claim 2. NaðD;
From Claim 2 and from the fact that T J L 0 ðD; ÃÞ we deduce that KN 0 ðD; ÃÞ ¼ 
If we assume in addition to the hypotheses of Proposition 7.3 that each T l is integrally closed we can prove a little more. Proof. We already know that KNðD; ÃÞ ¼ KN 0 ðD; ÃÞ. Since each T l is a strong Ã-monolocality (Proposition 7.3 (1)), it follows immediately from the definitions that KN 0 ðD; ?Þ J T fT l ðX Þ j l A Lg. We will finish the proof by showing that T fT l ðX Þ j l A Lg J KNðD; ÃÞ. Let f =g A T fT l ðX Þ j l A Lg and suppose that f ; g A D½X , with g 0 0, and that they have no common factors over K½X . Choose a particular T l . We will consider content ideals of polynomials as ideals of T l . By definition, we know that f =g ¼ h=k where h; k A T l ½X and c T l ðkÞ ¼ T l . Since f , g have no common factors over K½X , by Euclid's Lemma we know that g is a factor of k in K½X . If we rewrite h=k as dh=dk for an appropriate nonzero constant d A T l , we have g being a factor over T l ½X of dk and c T l ðdkÞ ¼ dT l . Then since T l is integrally closed we know that g has invertible (hence principal) content [25, Theorem 1.5] .
Finally, since c T l ðhÞ J c T l ðkÞ ¼ T l and f =g ¼ h=k it follows easily that c T l ð f Þ J c T l ðgÞ.
Since we have been working with an arbitrary T l we have proven: This proves that f =g A KNðD; ÃÞ which finishes the proof. r
In the setting where we begin with a collection of overrings of a domain D it can seem that di¤erences between strong monolocalities and monolocalities and the associated constructions should disappear. In particular, we could hope that the inequality in part (4) of Proposition 7.3 should be an equality. We next give an example to demonstrate that this inequality can be strict. Proof.
(1) is a consequence of the fact that if
which is a contradiction.
(2) follows from (1) and (3) is a consequence of Corollary 7.4, since each T i is integrally closed. (The claim that each T i is integrally closed follows easily from [28, Theorem 2] .) (4) Proposition 7.3 implies that each T i is a Ã-monolocality. It follows then from Theorem 5.11 that T i ðZÞ is an overring of KNðD; ÃÞ for each i. Hence V ðZÞ is an overring of KNðD; ÃÞ. We assumed V to be a minimal valuation overring of D. It follows that V ðZÞ is a minimal valuation overing of DðZÞ. It is clear then that V ðZÞ is also a minimal valuation overring of any ring properly in between DðZÞ and V ðZÞ. In particular, V ðZÞ is a minimal valuation overring of KNðD; ÃÞ. The result follows immediately.
(5) Let d A M V . Then d A KNðD; ÃÞ. As we noted above, T i ðZÞ is an overring of KNðD; ÃÞ. Also recall that V ðZÞ is a minimal valuation overring of each T i ðZÞ. In particular, d is a nonunit in each T i ðZÞ. Hence, 1 þ d is a unit in each T i ðZÞ and so, by (3), it is a unit in KNðD; ÃÞ.
(6) It is easy to see that (6) and (7) with the fact that we already know that KNðD; ÃÞ is quasilocal and that KNðD;
D being a Ã-monolocality follows from the fact that KNðD; ÃÞ ¼ DðZÞ (Theorem 5.11 (5)). D is not a strong Ã-monolocality because it is not a Ã-overring:
V L is the identity function. However, the proof of (8) We next give an example of a semistar operation, also defined by a V -construction, in which things work exactly as one might hope. Example 7.6. Let k be a field and let R :¼ k½X ; Y be the ring of polynomials over k in the two variables X and Y . Let P :¼ ðX ; Y Þ be the maximal ideal of R generated by the variables and let D :¼ R P . Let M denote the maximal ideal of the local ring D. Set 
We know by Proposition 7.3 (1) that T J L 0 ðD; ÃÞ J LðD; ÃÞ. Suppose then that T is a Ã-monolocality of D. It is clear from Proposition 7.1 that the ideal I ¼ ðX ; Y Þ is a Ã-e.a.b. ideal of D. Hence the ideal I must extend to a principal ideal in T. Since T is quasilocal it follows that IT is generated by either X or Y . Hence either Y =X or X =Y lies in T. Hence T l J T for some T l A T. It follows that T consists exactly of the minimal Ã-monolocalities of D. It follows from this then that the Ã-monolocalities and the strong Ã-monolocalities coincide. This is su‰cient to prove that
Now Example 7.6 is significant because we indicated that an important objective of this article was to demonstrate that the Nagata ring construction and the Kronecker function ring construction were at opposite ends of a spectrum. For the generalization to have any real power we need to demonstrate that we can find something which is properly in between these two extremes. We also indicated that we wanted to give a method for approximating a given semistar operation by a semistar operation which was constructed by means of extension to a collection of overrings. We have given such a mechanism, but again we need to show that this is meaningful by demonstrating that the semistar operation obtained can turn out to be associated with a collection of overrings which consists neither of localizations nor of valuation overrings of the domain D. In this example we have a star operation Ã such that Ã is equal to all four of the approximations developed in this work (Definition 6.1). And yet we also havẽ
This indicates that Ã and all of its KN and KN 0 derivatives lie properly in between ''the localization constructions'' associated toÃ Ã and ''the valuation domain constructions'' associated to Ã a . In conluding, in this example, we have:
We end with an easy example announced in Remark 6.5. 
